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Abstract. We prove analogues of results of Tate and Yoshida on control of 
transfer for fusion systems. This requires the notions of p-group residuals and 
transfer maps in cohomology for fusion systems. As a corollary we obtain a 
p-nilpotency criterion due to Tate. 



1. Introduction 

In the theory of finite groups, the focal subgroup of a Sylow p-subgroup is deter- 
mined entirely by p-fusion and detects whether the whole group G has a nontrivial 
p-group quotient. Moreover, under certain conditions, some subgroups of G con- 
taining its Sylow p-subgroup determine the focal subgroup and hence whether G 
has a nontrivial p-group quotient. This phenomenon is traditionally called control 
of transfer; indeed these results can be obtained by using transfer maps in group 
cohomology. 

A fusion system is a category J- whose objects are the subgroups of a fixed fi- 
nite p-group S and whose morphisms behave like conjugation maps in finite groups 
having 5 as a Sylow p-subgroup. First introduced by Puig [16], [17] and further 
developed by Broto, Levi and Oliver [4], fusion systems constitute a useful frame- 
work for studying the local theory of (blocks of) finite groups and p-local homotopy 
theory. Hence it is a natural question whether and how classical results of local 
group theory can be extended to fusion systems. 

Given a fusion system, one defines the focal subgroup (and other related sub- 
groups like the hyperfocal subgroup) analogously to the group case. Moreover, these 
related constructs display the same key properties as their group theoretic counter- 
parts ([3], see also appendix.) In particular, using the characteristic elements of a 
fusion system, introduced in [4 and refined in [18] , we define an appropriate notion 
of transfer maps in the cohomology of fusion systems. 

Using these tools, we generalize to fusion systems two classical theorems on 
control of transfer in finite groups, one due to Tate and the other due to Yoshida. 
Tate's theorem, reformulated as in [TU] , concerns three types of residuals of a finite 
group G: the elementary abelian p-group residual, the abelian p-group residual and 
the p-group residual. It states that, for a subgroup H of G containing a Sylow 
p-subgroup of G, H has isomorphic residual to that of G of one of these types if 
and only if H does so for the three types. In any of these three cases, then, we say 
that H controls transfer in G. Yoshida's theorem [24J Theorem 4.2] says that if S 
is a Sylow p-subgroup of G, then Nc(S) controls transfer in G unless the wreath 
product C p I C p is a quotient of S. 
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To generalize these results to fusion systems, we first need appropriate notions of 
residuals. The case of the p-group residual is handled in |3] , where the authors define 
the notion of a fusion subsystem of p-power index. This motivates the following 
definition. 

Definition 1.1. Let J 7 be a saturated fusion system on a finite p-group 5*. 

(1) 0^{S) = {[P,O p (Ant jr(P))] \ P<S) (the hyperfocal subgroup of J"). 

(2) A^iS) = [S, T] = ([F, Aut^(P)] \ P<S) (the focal subgroup of J 7 ). 

(3) EP-(S) = $>{S)[S, F] = $(S)0*(S) (the elementary focal subgroup of J 7 ). 

Using Corollary \EM we have that 0^(S*) C A^(S) C E^(S) and that the 
former two groups are completely determined by O'^(S) and S. Consequently, the 
interesting part of the following theorem, which is a generalization of Tate's theorem 
from 10 , is the implication (JT|) ==>• 

Theorem T (Tate's theorem for fusion systems). Let T be a saturated fusion 
system on a finite p-group S, and let % be a saturated subsystem of J- on S. The 
following are equivalent. 

(1) I%(S) = E% i (S). 

(2) A^(S) = A p H (S). 

(3) 0^(S) = O p H (S). 

To show the implication ([I} =>■ ©, instead of Tate's original cohomological 
proof, we follow the strategy of Gagola and Isaacs in [TU], using transfer maps. As 
a corollary, we obtain a fusion system version of the p-nilpotency criterion suggested 
by Atiyah |23j and proved independently with alternative methods in [5]. 

Corollary 1.2. Let J- be a saturated fusion system on a finite p-group S . If the 
restriction map H 1 (J r ;¥ p ) — > H 1 (S;¥ p ) is an isomorphism, then T = J : s{S). 

By analogy with the group case, if any of the equivalent statements in Tate's 
Theorem above hold, we say that H controls transfer in T . With this definition, 
the natural translation of Yoshida's theorem to fusion systems is, thus, given by 
the following theorem. 

Theorem Y (Yoshida's theorem for fusion systems). Let T be a fusion 
system on a finite p-group S and let % — Nj^(S). IfH does not control transfer in 
J- , then C p I C p is a homomorphic image of S . 

Organization of the paper: In Section [2] we recall the notion of double 
Burnside rings and characteristic elements in order to define the transfer later in 
the same section. In Section [3] we prove Yoshida's theorem for fusion systems. In 
section|4j we prove new properties of the the p-power index transfer that are needed 
in section [5] to prove Tate's theorem for fusion systems and Corollary 11.21 In the 
appendix, we recall the definitions of invariant subsystems and quotient systems, 
and prove some of their properties in the p-power index case. 
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2. Characteristic elements and transfer for fusion systems 

2.1. Double Burnside ring. We begin this section with a brief review of the (p- 
localized) double Burnside ring of a finite group, following closely the treatment 
in |18j . For finite groups G and H, a (G, H)-biset is a finite set with commuting 
right G-action and left P-action. The Burnside module A(G, H) of G and H is 
the Grothendicck group of the monoid of isomorphism classes of (G, P)-bisets with 
free left P-action, under disjoint union. For finite groups G, H and K there is a 
bilinear map 

A(K, H) x A(G, K) A(G, H) 

given by 

(Q, A) fl o A := fl x K A. 

As an abelian group, A(G, H) is free with one generator for each isomorphism 
class of transitive (G, P)-bisets with free left P-action. These generators are rep- 
resented by bisets of the form P x (x,ip) G, where K < G, ip G Hom(P, H) and 

H x (K,ip) G — (P x G)/ ~ , where (x,uy) ~ (xip(u),y) for x e P, y e G, w e if. 

We use the notation [if, i/j]q to denote the generator corresponding to H X(K.ip) G, 
and we write [K, ip] if G and If are clear from the context. In case G = H, A(G, G) 
becomes a ring, called the double Burnside ring of the group G. We will also 
consider its p-localization 

A(G,G)<p) :=A(G,G) ® z Z (p) . 

Note that A(G, G) is a subring of A(G, G)( p y 
For any ZG-module A there is a linear map 

H*{—;A) : A(G, G) -> End(P*(G; A)) 

that takes the generator [K, if>] to 

trg o t/>* : P*(G; A) -> H*(G; A), 

where trf : H*(K: A) ->• P*(G; A) is the usual transfer map and ^* : P*(G; A) -> 
P*(P; A) is restriction via if). It turns out that P*(— ; A) is a ring homomorphism: 
for U,Ae A(G,G) we have 

P*(Oo A; A) = H*(Q,;A) o H*(A;A). 

If A is a Z( p )G- module, the ring homomorphism 

P*H A): A(G,G) {p) ^End(H*(G;A)). 

is defined analogously. 

Now, let T be a saturated fusion system over a finite p-group 5*. It is a remarkable 
result in the theory of fusion systems that there exist certain elements in A(S, S)f p \, 
called characteristic elements, that reflect all the properties of J 7 (see [4] and |18j). 
We discuss them below, and they are at the core of our definition of transfer for 
fusion systems. 

We denote by Ajr(S, S) and Ajr(S, the subrings of A(S, S) and A(S, S , ) (p ), 
respectively, generated by [P, (p}§ with <p g Homjr(p S). Let il 6 S 1 )^)- We 
say that Q is right J 7 -stable if for P < S and every morphism cp £ Horn^P, S) the 
following equality holds in A(P, S)( p ) 

Qo [P,(^]f =fio [P,incl]£, 
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where incl : P S is the inclusion map. 
using the following equality in A (S, P)(p) 



Left Testability is defined analogously 
= [P,id]f oO, 



where id : P — > P is the identity map. There is a unique linear extension e to 
A(S,S)( p ) of the map sending every generator [P, </j]| to its number of right S- 
orbits: 

e([PMs) = \S\/\P\. 

It is easy to see that, in fact, e : A(S, S)u,) — >• Z^) is a ring homomorphism and 
that it restricts to e : A(S, S) — > 7L. 

Definition 2.1. Let J 7 be a saturated fusion system over a finite p-group S. An 
element <E A(S, S)( p ) is a characteristic element for T if it satisfies the following 
properties: 

(a) n€A r (S,%i 

(b) is right ^-stable and left ^-stable; 

(c) e(fi) ^0 (modpZ(p)). 

These three properties were first formulated by Linckelmann and Webb. In 
[H 5.5] Broto, Levi and Oliver proved that for any saturated fusion system T 
there exists such a characteristic element f2, while in [19], Ragnarsson and Stancu 
prove that the existence of a characteristic element for a fusion system guarantees 
saturation. Furthermore, the element f2 constructed in [4] is contained in A^(S, S) 
and has nonnegative coefficients; that is, it is an isomorphism class of an actual 
(S, S')-biset. We call such a characteristic element a characteristic biset for J 7 ; 
more generally, if negative integral coefficients are allowed, we call it a virtual 
characteristic biset. If T is the fusion system induced by a finite group G on its 
Sylow p-subgroup S (i.e., T — J 7 s(Gj) then G, viewed as an (S, 5)-biset in the 
obvious way, is a characteristic biset for Fs(G). See Example 12.31 for more details. 

Characteristic elements of a given saturated fusion system T are not unique. 
Indeed, one can simply multiply a given characteristic element by a p'-number 
to get a new one. But there is one special characteristic element introduced by 
Ragnarsson, which plays a key role in the theory. 

Definition 2.2. Let J 7 be a saturated fusion system over the p-group S. A char- 
acteristic idempotent for J 7 is a characteristic element for T that is an idempotent 
in the ring A(S, 5 l )( p ). 

Note that the idempotent condition implies that e(u>) = 1. In [18], Ragnarsson 
shows that there exists a unique characteristic idempotent ujjt for every saturated 
fusion system J 7 . We briefly recall here Ragnarsson's construction of wjf (see ( |18[ 
4.9, 5.8])) as it will be needed later. Given any virtual characteristic biset e 
Aj^(S, S) for J 7 , there is a large enough integer M such that M is an idempotent 
modulo p. Then the sequence fl M , Vt Mp , fi Mp , . . . converges in the p-adic topology 
to an idempotent in A(S, S) := A(S, S) ®z Z^, where are the p-adic integers. 
By uniqueness this idempotent has to be the characteristic idempotent wjr, and it 
turns out that ujjt actually lives in A(S, S)( p y 

2.2. Transfer. We devote the rest of the section to defining the transfer map for 
fusion systems using characteristic elements and to proving some basic properties. 
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In particular, we will show that the definition is essentially unique in spite of the 
choice of characteristic elements. 

Fix a saturated fusion system Jona finite p-group S. Let A be a Z^S-module 
and consider a characteristic element ft G Aj?(S, S , )( p ) for T expressed as 

where the sum runs over the generators [P, ip] of A(S, S) and cp,,] 6 Z( p ). The 
endomorphism H*(Q; A) of H*(S; A) can be explicitly described as 

(1) H*(Sl;A)=J2c[P, V ]-( t 4°<P*)- 

The following example highlights the feature of finite groups that H*(fl;A) is 
modeling. 

Example 2.3. Let G be a finite group with Sylow p-subgroup S and let J- — Ts{G). 
The biset Q — G, where the (S, S^-biset structure is given by left and right multi- 
plication in the group G, is a characteristic biset for T . An easy calculation shows 
that 

f2= |J S X(sn*>s,c g -i) S, 

ge[S\G/S] 

and hence we get 

H*(Cl;A) = Yl trsn.s ^!. 

ge[S\G/S] 

But this is just the Mackey decomposition formula for the double cosets SgS in G. 
Therefore, 

H*{tt-A) = resf otrf 
where resf : H*(G; A) — > H*(S; A) is restriction via the inclusion S G. 

Assume that Q is a characteristic element for T and A is an abelian p-group 
with trivial S'-action. The argument in [H Proposition 5.5] shows that H*(il; A) is 
an idempotent in End(iJ*(S'; A)) up to multiplication by the p'-number e(J7) and 
that the image of H*(ft; A) is exactly 

H*{T\A) := {z e H*{S;A) \ tp*(z) = resf (z) for all tp e Hom^(P,5)}. 

Hence, given characteristic elements and A for J 7 , H*(fl; A) and if* (A; A) are 
projections (up to a p'-factor) in End(H*(S; A)) that have the same image. The 
following corollary shows that, indeed, they only differ by a p'-i actor. 

Corollary 2.4. Let J 7 be a saturated fusion system on a finite p-group S and let A 
be an abelian p-group with trivial S -action. IfQ and A are characteristics elements 
for J- then there is a p' -number r such that H*(tt; A) — r ■ H*(A; A). 

Proof. After multiplying by suitable p'-numbers, we may assume that and A 
lie in A(S,S). Let p e be the exponent of A. As remarked after Definition 12.21 
there is a large enough positive integer k such that A k — il k = p e T for some 
T e A(S,S). Because both H*(A;A) and H*(Q; A) are idempotents up to a p'- 
factor, we get H*(A; A) k = qi ■ if* (A; A) and if*(fi; A) k = q 2 ■ if*(0; A), where q x 
and qi are p'-numbers. On the other hand, p e is the exponent of A and therefore 
H*(p e T; A) = p e H*(T;A) = 0. As H*(—;A) is a ring homomorphism we finally 
obtain 



= H*(A k -n k ;A) = H*(A;A) k -H*(fl;A) k = 9l • if*(A; A) - q 2 ■ if*(fi; A). 
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□ 

We are now ready to define the transfer map. Working in degree 1, we identify 
H^SiA) = Horn (5, A) and note that H l (F;A) = Hom(5/[5, T],A). 

Definition 2.5. Let J 7 be a saturated fusion system on a finite p-group S and let 
H be a saturated fusion subsystem of J- on S. Set A — S/[S, H] and consider the 
canonical projection it: S —> S/[S, H]. Given a characteristic element fi for IF, the 
transfer map from H to T with respect to fl is 

T^ n = H 1 (n;A)(n): S ^ S/[S,H]. 

When % is the trivial fusion system Ts(S) on S then [5, 'H] = [S, S] = S' , the 
derived subgroup of S. In this case we write Tjq instead of T^ n and we call it the 
transfer map from S to J- ( with respect to f2 ). The transfer Tjq was successfully 
used in [8] by three of the authors and Nadia Mazza to study control of transfer and 
weak closure in fusion systems. In the next lemma, we show that if E is another 
characteristic element for T then t£ q and s only differ by the multiplication 
by a p'-number. 

Lemma 2.6. Let J- be a saturated fusion system on a finite p-group S and let H 
be a saturated fusion subsystem of J- on S . Let E and £1 be characteristic elements 
for J 7 . 

(1) t ks = r ' t hq. f or some p' -number r. 

(2) Im'« s )=Im(r^ n ). 

(3) Ker(r^ s ) = Ker(r.ju q) = [S, T]. Ln particular, n can be viewed as a 
map from S/[S,T-L] to itself. 

( 4 ) T H,n OT n,n = e ( n )- T n,n- 

Proof. Statement |T]) follows immediately from Corollary 12.41 and the definition 
of the transfer while (U]) reflects the fact that H*(£l;A) is an idempotent up to 
multiplication by the p'-number e(f2). From ([1]) we obtain ([2J and the first equality 
in ([3]). To simplify notation, in the rest of the proof we write t£ instead of t^q. 
Note that [5, J 7 ] is contained in the kernel of t£ because t£ € H 1 ^; S/[S, %]). To 
prove that Ker(r^) is not larger than [S, J-] we take to be a characteristic biset 
for T; il then has the form Q = JJ ieI S XfPi^A S and 

(2) T^^tr^TTO^). 

iei 

For x G S we have 

= ^*4>M ° <Pi){*) 

iei 

iei treis/jy 

where [S/Pi] denotes a set of representatives of the left cosets of Pi in S, and for 
t G [S/Pi], x-tis the unique element in [S/Pi] such that (x-t)Pi — xtPi. Considering 
a set W of (x)-orbit representatives of [S/Pi], we obtain 

*) = EE ^(w-'x^w)), 

iei wew 
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where r(w) denotes the length of the (x)-orbit of [S/Pi] containing w £ W. As 
ip l (w~ 1 x r ( w ^w)[S, P] = w~ 1 x r ^w[S, P], we find that 

\iei wew / 
= «^x^+Tr([S,P]) 

= TT (xl°l/l S l) + w([S,P]) 

= \{l\/\S\-n(x)+n([S 1 P]). 

Ex £ Ker(r^), then t£{x) = in S/[S,H] and \fl\/\S\ ■ ir(x) £ ir{[S, J 7 ]). Since 
101/151 is a p'-number, also n(x) £ ir([S, J 7 ]). As [S 1 , "H] < [S, P], we conclude that 
x£[S,P]. □ 

Throughout the paper, in general, we will use the notation for the transfer 
map from P to % without specifying the characteristic elements. By Lemma |2.6[ 
changing the characteristic element amounts to multiplying the transfer map by 
some p'-number, and does not change its kernel and image. 

Proposition 2.7. Let J- be a saturated fusion system on a finite p-group S. IfH 
is a saturated fusion subsystem of J- on S , then 

S/[S,U] = [S,F\/[S, H] x Tr[S,H)/[S,H], 

where Tjr denotes the subgroup of S containing S' and such that Tjr/S' — Im(rg'). 
In particular, S/[S, J-] is a direct factor of S /[S,T-L\. 

Proof. Applying part (3) of Lemma 12.61 to Tg gives the equality 

S/S' = [S,P]/S' x Tjr/S' 
Factoring this equality by [S, %]/S' gets us the result in the proposition. □ 

As a cyclic p-group has no proper nontrivial direct factors, the previous propo- 
sition immediately gives the following corollary. 

Corollary 2.8. Let T be a saturated fusion system on a finite p-group S such that 
[S, J 7 ] < S and let % be a saturated fusion subsystem of T on S. If S/[S,H] is 
cyclic, then % controls transfer in T, i.e., [S,H] — [S, J 7 ]. 

3. YOSHIDA'S THEOREM 

In this section, we prove that for a saturated fusion system J 7 on a finite p-group 
S, if C p I C p is not a homomorphic image of S, then the focal subgroups of J 7 and 
Njf(<5) coincide. First, we recall a useful lemma that helps detect a homomorphic 
image isomorphic to C p \C p . This appears as Lemma 6.4 in 

Lemma 3.1. Let R be a finite p-group having an elementary abelian subgroup E 
of index p. Suppose that there are x £ E and z £ R — E such that 

p-i 

Yl z- l xz l ^ 1. 

i=0 

Then R has C p I C p as a homomorphic image. 
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We can now prove Theorem Y, using part (2) in Theorem T as a definition for 
the control of transfer. 

Theorem Y (Yoshida's theorem for fusion systems). Let J 7 be a saturated 
fusion system on a finite p-group S and let "H — Njr(S). If [S, J 7 ] ^ [S,H], then S 
has C p lC p as a homomorphic image. 

Proof. Fix a characteristic biset f2 for T and write 

n=j2[Pi,<pi)- 

iei 

Let I = {i G I | Pi = S}. Then 

e(n) = ^2\S:Pi\ = \I \+ ]T \S:Pi\ = \I \ (modp). 
iei iei-io 

By part (jg) of Definition 12.11 it follows that |/o| ^ (mod p). 

Suppose that [S, J 7 ] ^ [S, H] . By Lemma 12.61 the transfer map t£ has kernel 
[S, J-] and hence induces a nonsurjective map 

r£: S/[S,T]^S/[S,H}. 

Let Im(r^) = X/[S,H] where [S,H] < X < S. Take a maximal subgroup Y of S 
containing X, and take an element x G S — Y of minimal order. We have 

T ni x ) = X! tr s( 7ro ^)( a 0+ tr pM°Vj){x) 
iei iei-i 

= X>< + tv s P .{-Ko iPj ){x)&Y/[s,n]. 

tela jel-Ia 

Also, since ipi G Autu(S) whenever i G Iq, 

X> =Y,™~ l <Pi{x)[S,'H] 
iei iela 

= x\i \[s,H]iY/[s,n], 

because x ^ Y and |io| is not divisible by p. Thus, there is a proper subgroup 
P < S and ip G Honijr(P, S) such that 

(3) tx s P (n°<p)(x)<£Y/[S,U]. 
Note that for every «eS, 

trf(7rop)(ti)= (7r°^)((w-t) -1 ^) G ip(P)[S,H]/[S,H]. 

te[s/P] 

Therefore, we can view tr|>(7r o ip) as a map from S to Q/[S,H] where Q — 
<p(P)[S,H]. By ©, we have Q £ Y and hence M:=YnQ< Q. Since \S:Y\= p, 
it follows that 

(4) \Q:M\=p. 
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<P(P) 




[S,U] 



Let A be a maximal subgroup of S containing P. We show that x E A. Suppose 
x £ A. Then we can take [S/A] = {x l | < i < p - 1} and 



x ■ x 



x l+1 if i < p — 1, 
1 if i = p — 1. 



Using the transitivity of the transfer maps we get 

p-i 

= ^2 tr p( 7r ° v){{ x ■ x l y l xx l ) 

i=0 

= tr^(7r o ip)(x p ) 

v£[A/P] 

= (^oi P )(w- 1 x p - r(w) w) 
wew 

tY/[S,H] 

where W denotes a set of (x p )-orbit representatives of [A/P] and r(w) denotes 
the length of the (x p )- orbit containing w G W. So there is a w e W such that 
<p(w~ 1 x p ' r ( w ^w) Y. But by the minimality of the order o(x) of x, we get 

o{x) < o(<p(w- 1 x?- r ( w) w)) = o{w- 1 x p - r ^w) = o{x p < w) ) < o(x), 



a contradiction. Thus x £ A. 
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If z e S - A, then [S/A] = {z l | < i < p - 1} and x ■ z i = z 1 for all i because 
x e A and A < 5. Therefore, 

tr^(7r o p)(a;) = trf (tr£(7T o <p))(a:) 
p-i 

= ^tr^(7ro^)((a;-z i )- 1 a;z i ) 
i=0 
p-1 

= ^^(7TO^)(z-^) 
i=0 

P-1 

= tr^(^o(^)(J|z- l a;z l ). 

i=0 

Suppose UaZo z~ t xz i e $(A). Since = A P L4, A], wc have trf (77 o p)(a;) £ 

$(Q/[5,W]). But by O, we have $(Q/[S,H]) < M/[S,U). Thus tv s P {-K o v )(x) e 
F/fS 1 , %], contradicting ([3]). Hence 

p-i 

4=0 

Now, by Lemma IXT1 applied to i? = 5/$(A) and E = A/$(A), the wreath product 
C p I C p is a homomorphic image of 5*/$ (A) and hence of 5*. □ 

Recall that if J 7 is a fusion system on a finite p-group S and H is a subsystem 
of J 7 , then we say that T-L controls transfer in T if [S, J-] — [S, %] . 

Corollary 3.2. Let J- be a saturated fusion system on a finite p- group S . If any 
of the following conditions hold, then Njr(5 l ) controls transfer in T '. 

(1) S has nilpotence class less than p; 

(2) The exponent of S is less than or equal to p; 

(3) S is a regular p-group; 

(4) p is odd and S is metacyclic. 

Proof. The first two conditions imply the result since C p I C p has nilpotence class 
p and contains an element of order p 2 . The third statement is immediate since a 
regular p-group does not have a homomorphic image isomorphic to C p I C p and the 
last statement follows from the third as every metacyclic p-group is regular if p is 
odd (cf. [H Satz III. 10.2]). □ 

Note that the last statement of the corollary is also a consequence of [22l Propo- 
sition 5.4] or [9j Theorem 4.1] and that it cannot be extended to p = 2 since 
C2IC2 = Ds is metacyclic. However, if p — 2 and S is metacyclic and not homo- 
cyclic abelian, dihedral, semidihedral or generalized quaternion, then J- is trivial 
and the result holds (see [7] for a complete classification of fusion systems on meta- 
cyclic p-groups). Also, 13.2131 is considerably different than I3.2H1 since a regular 
p-group can have an arbitrarily large nilpotence class. 

Theorem 3.3 (Huppert). Let p be an odd prime and let J- be a saturated fusion 
system on a finite p-group S. If S is nonabelian and metacyclic, then [S, J-] < S. 

Proof. By Corollary 13.2141 we may assume that Ns(J-) = T . In this case, T is 
constrained and so, by [5J Proposition 4.3], T = J-s(G) for some finite group G with 
Sylow p-subgroup S. Thus, [S, J 7 } = [S, < S by [HI Hilfssatz IV.8.5]. □ 
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4. p-POWER INDEX TRANSFER 

In this section, we prove important properties of characteristic idempotents and 
transfer maps for fusion systems that will be used in the next section to prove 
Theorem T. The elementary situation in group theory we want to mimic is the 
following: let G be a finite group with two subgroups S and L such that G = SL, 
i.e. G — {xy \ x E S, y 6 L}, and let N = S n L. Then we have a bijection between 
left coset spaces 

L/N ^ G/S 

induced by the inclusion L <-} G. As a consequence, we get a commutative diagram 



S- 



G 



S/S' 



N ■ 



L ■ 



I- N/N'. 

where t'S, tjy are group transfer maps, p is the map induced by the inclusion N <—> S, 
and all other arrows are inclusions. Furthermore, if S is a Sylow p-subgroup of G, 
L<G and we denote T = !Fs(G) and Af = J~n(L) the outer rectangle in the above 
gives a commutative diagram 



S- 



incl 



N ■ 



N . L 



-S/S' 

f> 

N/N'. 



In particular, we have p(Im(T^ L )) C Im(r^ G ). This inclusion between images of 
transfers is the result we want to generalize to fusion systems. As cosets do not 
make sense in the fusion system setting we use an alternative approach to prove 
this inclusion in the group case. 

Viewing G as an (S, 5)-biset and L as an (TV, A)-biset in the obvious waythere 
is an isomorphism of (N, 5)-bisets 



S x N L 



G 



induced by the product map (x, y) ESxLh^xyEG. Note that G and L are 
characteristic bisets for the fusion systems J- and J\f, respectively. We can rewrite 
this isomorphism of (N, S*)-bisets as the following equality in A(N, S): 

[N, mclf N o L = G o [N, mcl] s N . 

We give below an analogous equality in terms of characteristic idempotents, valid 
for any saturated fusion system, whose proof was provided by Kari Ragnarsson 
through private communication. (See also [3D]) As we show in Corollary 14. 31 this is 
enough to deduce the inclusion between the images of the transfers. We refer the 
reader to the appendix for the definition and properties of a saturated subsystem 
of p-power index. Recall that ujr is the characteristic idempotent of T . 

Theorem 4.1. Let T be a saturated fusion system on the p- group S . If N is a 
normal subgroup of S containing Ojr(S) and J-n is the unique saturated subsystem 
of J- on N of p-power index, then 
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(1) [N, ind}% o uj Tn = ujjr o [N, mc\}%; 

(2) u rir o[N,id]s =[NMs°<"r- 

Corollary 4.2. In the situation of Theorem \4-.l\ we have 

(5) tr s N o H*{uj Fn ;A) = H*(ur; A) o ti% : H*(N; A) -y iT*(.F; A) 

(6) fT*(w^;A) ore4 = res iv o H*(u>jr- A) :H*(S;A)^ H*{T N ;A) 
for any Xu,\S-module A. 

Proof. This follows from Theorem l4 . 1 1 and from the equalities H*([N, incl]^) = res^, 



and H*([N, id]%) = ti%. 



Corollary 4.3. In the situation of Theorem\4-l\ the diagram 



incl 




N/N' 



where p is the map induced by the inclusion N <—} S , is commutative. In particular, 
we have 

p(Im(7£*))CIm(7#). 
Proof. By Corollary 14. 2 \ we get the following commutative diagram 

H\S, s/s') Hl ^' s/S 'K, H i {S: s/s/) 



H 1 (Wjr ,s/s') 

H 1 (N, S/S') ^ H 1 (N, S/S') 

H\N,N/N') ^H^N^N/N'). 

For a group H, let tth-H^ H/H' denote the canonical surjection. Since resfr(7Ts) = 
P*{kn), chasing arrows gives 

as desired. □ 



Now we turn to the proof of Theorem 14. II First we need several lemmas. 

Lemma 4.4 ([18 ). Let lujt g A(S,S)(p) be the characteristic idempotent of a 
saturated fusion system J- on a finite p-group S . Let T be a finite p-group and let 
X G A(S, T)(p). The following are eguivalent: 

(1) XoLJ^ = X. 

(2) X is right J- -stable, in the sense that for all P < S and ip G Homjr(P, S) 
we have X o [P, ip]f, = X o [P, incl]p. 

Proof. This is proved for stable maps in |18[ Corollary 6.4], but the same argument 
works for X G A(S,T) (p) . □ 
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For the definition of invariant subsystem used in the next lemma, we refer the 
reader to Definition IA.3I in the appendix. 

Lemma 4.5 ( 19, Theorem 8.2]). Let J- be a saturated fusion system on a finite 
p-group S and let M be a saturated fusion subsystem of J- on a strongly J- -closed 
subgroup N of S . Let ojj^f denote the characteristic idempotent of M . The following 
are equivalent: 

(1) J\f is an invariant subsystem of T . 

(2) For every subgroup Q of N and every morphism ip 6 Horn^Q, 5), the 
following identity in A(Q,Q){p) holds: 

[^(Q),^" 1 ]^ QWAfo [Q,<p]q = [<3,id]$ o uj^ o [Q,incl]£ . 

Proof of Theorem \4-l\ First we remark that parts (f ) and (2) of the theorem are 
equivalent by applying the opposite homomorphism [191 Definition 3.19]. We pro- 
ceed to prove part (1). Note that by Proposition IA.71 N is a strongly ^-closed 
subgroup of T and J-jv is a invariant subsystem of J- . 

Since J-pj is a subsystem of J 7 , the ^-stability of ujjt implies that ujjr o [N, incl]^- 
is J-"/v- stable. Hence, by Lemma 14.41 we have 

iojr o [N, inclj^r = ujjt o [N , iacl]% O UJjr N 

and it suffices to show that 

ujr o [N, mc\}% o u)jr N = [N , mc\}% O U)jr N , 

which, by applying the opposite homomorphism, is equivalent to 

^Tn O [N, id] 5 OUJjr = U)jr N O [N , id] 5 . 

We prove this last equation by showing that ujjt n o [N, id]g is right P-stable. 
Now, for P < S and <p £ Hom^P, S), the double coset formula gives 

[N,id]$ o[P,<pf P = £ [<P~ 1 (.'P(P)nN*),c x o V >]». 
xeN\s/ v (P) 

Since N is normal in S we have N x — N, and since N is strongly ^-closed we have 
<p(P) n N = ip(P (IN), so the equation simplifies to 

[N,id]s°[P,<P]p= E [PnN,c x o^. 
xe[N\s/<p(P)] 

Using Lemma |A. 71 on ((^Ipnjv) -1 we find t E S and ip € Homjr N (P fl N,N) such 
that <^|prw =ct°ip< 

Using that [N,c x ]^ o [N, c" 1 ]^ — [N, id] in Lemma l4~5l for the invariant sub- 
system Tn we get that, for all x G S, ujj^ n o [N, c x ]% = [N, c x ]% ° uij? N . This result 
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applied in the previous equation give 
(7) 

w^o[JV,id]^o[P >V ]S = u^o [PriN, Cx o^ 

xeN\s/ v (P) 

xeN\S/<p(P) 

= u>r N o( ]T [N,c x oc t }% o[PniV>] 
\xeN\s/ip(P) I 



K xeN\S/<p(P) J 

i N > c - ° c *]^ o ^„ o [P n iV, incl]£ 

K x£N\S/<p(P) J 

= u>r N o I ^ [AT, c x o ct]# o [P n TV, incl]£ 
\zeiv\SMP) / 

= ^„o ^ [PniV,c x o Ct ]£. 

On the other hand, the double coset formula gives 

(8) ur K o[N,id]% o[P,incl]f =«^o ^ [PniV,^, 

and the result follows by showing that the expressions in ([7]) and (J5J are equal. To be 
able to compare the two sums we try to have the summation over the same indices. 
Consider the maps a, j3 : S — > A(P, N) defined by a(x) — ujjt n o [PoTV, c x oc t ]p and 
/3(y) = wjfjv o [P o N, c y ]p. For y g S, the map (3 is constant on the double coset 
NyP. Since N is normal in S, NP is the subgroup of S and we have NyP = yNP. 
Hence 

x£N\S/P 1 1 yeS 

For x € S, reversing the algebraic manipulations leading to ([7|) we obtain that 
a(x) = u)jr N o [P n N,c x o ip]p. Thus, a is constant on the double coset Nx<p(P), 
and we get 

^ [Pnw ' CiOCil ^riE«w- 

xeN\s/<p(P) 1 'I igs 

Observe that /3(xt) = a(x) for all i 6 S, so = a{x). Moreover \NP\ = 

yes xes 
\N<p(P)\ since N is strongly P-closed. We conclude that 

uj: M o [N, id]f o [P, v ]f = o [TV, id]£ o [P, incl]p . 

This shows that ujr N o [JV, id]^ is ^-stable, completing the proof. □ 
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5. Tate's theorem 

Recall that for a saturated fusion system J 7 on a finite p-group 5, Tjr denote the 
subgroup of S containing S' such that Tjr/S' — lm(rg) and that by Proposition 
l2~7lwe get 

(9) S/S' = [S, F]/S' x Tjr/S'. 

Proposition 5.1. Let T be a saturated fusion system on S and J\[ an invariant 
subsystem of T on a strongly F -closed subgroup N of S. For every s e S, 

In particular, Tjr N < S. 

Proof. This follows immediately from Lemma 14.51 and the definition of t^"™ ^ . □ 

Proposition 5.2. Let T be a saturated fusion system on a finite p-group S,. If 
[S, J]<N <S, then Tjr n N = T Fn S' . 

Proof. By CorollaryHJl Tjr N < Tjr. Using © for both S and N we get 7>n[S, T] = 
S' and N = Tp N [N, J-jv] . Dedekind's lemma then gives: 

?>„ S' < Tjr n N = Tjr n Tjr N [N, F N ] r= Tjr N (Tjr D [N , T N ] ) 

<Tjr N (Tjrn[S,T])=Tjr N S'. 



a 



The following gives a crucial inductive argument. 



Proposition 5.3. Let J 7 be a saturated fusion system on a finite p-group S , and 
let P jr(S) <U <S. IfTjr LI [U, S}<V <U, then S/V ^ U/V x TjrV/V. 

Proof. The hypotheses imply that [V, S] < [U, S] < V. So, V < S and U/V < 
Z{S/V). Moreover, by ©, 

S = [S,F\T r = P J r(S)S , Tjr = P jr(S)Tjr < UTjr = UTjrV < S 

and hence S = U ■ (7>V). It remains to show that TjrV n U = V. By Dedekind's 
lemma, (TjrV)fMJ = (TjrnU)V, and hence it is also equivalent to Tjrf]U < V. We 
proceed by induction on \S : U\. The case U = S being trivial, we assume U < S. 
Choose a subgroup W of index p in S and containing U. As S/W is abelian, W con- 
tains S' and, hence, it contains [S, J 7 ]. Since (Fw)u = J~u and Ojr r {W) = Ojr(S) 
by CorollaryEOfl we have O v Tw (W) < U< W and T ( jr w)u [U, W] < V < U. By in- 
duction, it follows that U (~)Tjr w V — V. By Proposition ! A. 71 and Proposition l5.ll we 
have Tjr w V<S. Let ~ denote the image modulo Tjr w V. Since U/V < Z(S/V) , we 
have W < Z(3). Thus, S/Z(S) = (S /W) / (Z(S /W) is cyclic, and hence S is abelian. 
Therefore S' < Tjr w V and so by Proposition O Tjr n W = Tjr w S' < Tjr w V . So 
TjrHU = TjrC\W r\U < (Tjr w V) n U = V, as desired. □ 

We are now ready to prove Theorem T. 

Theorem T (Tate's theorem for fusion systems). Let T be a saturated fusion 
system on a finite p-group S , and let H be a saturated fusion subsystem of T on S . 
The following are equivalent. 

(1) E^{S)=E p H {S). 

(2) A^(S) = A p n (S). 



1(5 



ANTONIO DIAZ, ADAM GLESSER, SEJONG PARK, AND RADU STANCU 



(3) O p F {S) = O p l {S). 

Proof. (3) (2) => (1): Follows from Corollary [O] 

(1) =S> (3): Suppose (1). Then 0^(S) < <S>(S)0 P jr(S) = $(5)0^(5). Applying 
Proposition EJ to U = 0^(5) and V = O p H {S)[O p - F {S),U], we get S/V ^ [//V x 
7>F/y. Since U/V < $(S)/V = <*>(S/V), it follows that SJV = T T V/V, and 
hence U/V = 1, that is, 0*(S) = 0^ l (S)[O p c (S),H]. Let ft = U/O p H {S) and 
5 = S/O p H {S). Then ft = J^(S), and hence C^{S) = [0 P jr(S),H] = [0^(5), 5]. 
Since 5 is a finite p-group, it follows that 0^.(5) = 1, as desired. □ 

Proof of Corollary[TM From section^ H 1 ^; F p ) = Hom(S/[5, J 7 ], F p ), and this is 
clearly isomorphic to the elementary abelian p-group S/$(S)[S, F] = S/E P C (S). For 
the trivial fusion system F S (S) we obtain H 1 (T S {S); F p ) = Hom(5/[5, S],F P ) = 
_ff 1 (S';F )9 ), which is isomorphic to S/$(5) = S/E P ^ s ^ S y From the hypothesis we 
get £^ s(s) = and then by Tate's theorem 0^(S) = 0^ s(s) = {!}■ This 

can only be the case if T = J r s(5). □ 



Appendix A. Invariant fusion systems 

For the convenience of the reader, we recall definitions and some standard prop- 
erties of p-power index subsystems, invariant subsystems and quotient systems used 
in this paper. 

In the proofs of our transfer theorems we deal with a special class of fusion 
subsystems containing the hyperfocal subgroup. 

Definition A.l. [3j Definition 3.1] Let J 7 be a saturated fusion system on a finite 
p-group S and ft a fusion subsystem of J 7 on a subgroup T of S. We say that 
ft is a p-power index subsystem of J- if T contains Ojr(S) and Aut^(P) contains 
O p (Autjr(P)) for all subgroups P of T. 

Theorem A. 2 ([3] Theorem 4.3]). Let J- be a saturated fusion system on a finite 
p-group S . There is a bijection between the subgroups of S containing Ojr(S) and 
the saturated p-power index subsystems of T . 

The above result was stated (with an additional hypothesis) independently by 
Puig in [T71 7.3]. Let O p (J") denote the unique saturated subsystem of J 7 on O p - F {S) 
of p-power index and, more generally, let !Fjj denote the unique saturated fusion 
subsystem of of T on U of p-power index, for Ojr(S) < U < S. 

Our first goal is to see what more is true about U and T\j if Ojr(S) < U < S. 
This requires us to recall the definition of an ^-invariant subsystem. 

Definition A. 3. Let J 7 be a fusion system on a finite p-group S and ft a fusion 
subsystem of J 7 on a subgroup T of S. We say that ft is T-invariant if T is 
strongly J-"-closed and if for every isomorphism ip : Q — > P in J- and any two 
subgroups U, V < Q fl P, we have 

tp o Rom n (U, V) o ip" 1 C Rom n ((p(U),ip(V)) . 

In the presence of saturation, there is a very useful characterization of invariant 
subsystems due to Puig [17l 6.6]. Note that in [15], Linckelmann calls saturated 
invariant subsystems normal. 
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Lemma A. 4 fjTj.|17j). Let J- be a saturated fusion system on a finite p-group S. A 
saturated fusion subsystem H on a strongly T -closed subgroup T of S is J- -invariant 
if and only if the following conditions are satisfied 

(i) Autjr(T) < Aut(H), 

(ii) any morphism ip G Honijr(P, Q) with P,Q < T decomposes as tp = <p ° x\p 
where <p 6 Hoiii-h(y(-P), Q) and y G Aut^-(T). 

We will use this to show that if N is a normal subgroup of S containing Ojr(S), 
then J-jv is P-invariant. First we will need the following lemma which will help us to 
prove the morphism decomposition component of Aschbacher's criterion. As in [3j 
Definition 3.3], let 0*(P) denote the smallest restrictive subcategory of T whose 
morphism set contains O p (Autjr(P)) for all subgroups P < S. Using Alperin's 
fusion theorem and the fact that Autjr(P) = O p (Autjr(P))Auts(P) for any fully 
^-normalized subgroup P of S, one obtains the following decomposition lemma 
where c s denotes the map induced by conjugation with an element s. 

Lemma A. 5. [3J Lemma 3.4] Let T be a saturated fusion system on a finite p- 
group S. If P < S and ip G Homjr(P, S), then there exist s G S and tp G 
Hom P(jr)(c s (P), S) such that ip = ip o c s \p. 

We quickly mention the following useful corollary. 

Corollary A. 6. // J- is a saturated fusion system on a finite p-group S , then 
A^S) = [S,S}0 P jr(S). 

Proof. With the notation in Lemma lA.5l we have [ib. u] = [ipoc s ,u] — [<p, c s (u)][c s , u] G 

[S,S}0 P jr(S). ' □ 

Using Lemma fA.5( we now show that normal subgroups containing the hyperfocal 
subgroup give rise to invariant subsystems. 

Proposition A. 7. Let J- be a saturated fusion system on S . If N is a normal 
subgroup of S containing Ojr(S), then 

(1) N is strongly T-closed; 

(2) Tn is a saturated J- -invariant fusion subsystem. 

Proof. Let P < N and let if) G Homjr(P, S). By Lemma [A. 5 1 there exist s G S and 
<f> G Hom P(jr)(c s (P), S) such that ip — <fi o c s \p. If u G P, then 

tp(u) = 4>(c s (u))c s (uy 1 c s (u), 

where 0(c s (w))c s (w) _1 G 0^(5) < N and c s (u) G N because N < S. Thus, tp{u) G 
N and N is strongly ^-closed, proving (1), from which it follows that <f> belongs to 
J-n- Invoking Lemma [A4| it remains to show that Autjr(iV) < Aut(J r /v)- But this 
comes from the uniqueness of the saturated fusion subsystems of p-power index on 
a given subgroup of S containing O p - F {S). Indeed, any morphism in a G Autjr(A) 
gives a fusion preserving isomorphism from J-jy to ".P/v which is another saturated 
fusion system on N containing O p (Aut _f(P)) for any P < N . By the uniqueness of 
such systems, we have a G Aut(P/v). □ 

Finally, we show that P (P) = O p (O p (P)). This is a result of Puig [HI 7.5] but 
the proof we present here is based on [3]. We will need the concept of a quotient 
system of a fusion system. 
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Definition A. 8. Let J- be a fusion system on S and let T be a strongly ^-closed 
subgroup of S. By the quotient system T /T, we mean the fusion system on S/T, 
such that for any two subgroups U and V of S containing T, Hormryp([7 /P, V/P) 
is the set of homomorphisms induced by morphisms in Hornet/, V). 

When the fusion system is saturated Puig proves in [16] and }17[ 6.3] that the 
saturation is inherited by the quotient system. 

Theorem A. 9 ( \17l 6.3]). Let T be a saturated fusion system on a finite p-group 
S . If T is a strongly J- -closed subgroup of S , then the quotient system J-/T is 
saturated. 

In fact, the above result holds even if T is only weakly ^-closed. 

Theorem A. 10 Q171 6.3] or [6l 5.10]). Let T be a saturated fusion system on a 
finite p-group S and let T be a strongly J- -closed subgroup of S . If the P,Q < S 
and ip £ Hom_F(P, Q), then the induced map Tp: PT/T — > QT/T belongs to J-/T. 

An interesting connection between quotient systems and Ojr(S) is the following 
lemma. 

Lemma A.ll. Let J- be a saturated fusion system on a finite p-group S and let T 
be a strongly T -closed subgroup of S. If T/T is the trivial fusion system on S/T, 
then P jr{S) < T. 

Proof. If T < Q < S and p G Autjr(Q) is a p'-automorphism, then p induces the 
identity on Q/T, implying that u~ 1 p(u) 6 T for any u G Q. As these generate 
0^(5), the result follows. □ 

Getting back to the issue of proving O p (J-) = O p (O p (J-)) 1 we use the following 
notation Si := O p r {S), 7i := O p {F), S 2 := O^(Si). 

T S 



Tx Si 



O p {T{) S 2 

Using Theorem IA.21 we need only show that Si = S^. 
Proposition A. 12. The subgroup S2 is strongly J- -closed. 

Proof. Let P < S 2 and ip e Homjr (P,S). By Lemma [Ql and Proposition I A. 7) 
there is a decomposition ip — <j> o a with a £ Autjr(Si) and <p G Homjj (cx(P), Si). 
Since Autjr(Si) < Aut(7 r i), we have a(P) < S 2 and thus ip(P) = 4>{a{P)) < S 2 
since S 2 is strongly ^i-closed. □ 

By the definition of the hyperfocal subgroup, J- /Si and J r i/S 2 are the trivial 
fusion systems on S/S± and Si/S 2 , respectively. 

Proposition A. 13. With the notation as above, we have S2 = S\. In particular 
QP(T) = O p (O p {F)). 
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Proof. By Lemma fA.ll| it will suffice to show that T/S2 is the trivial system on 
S/S2- By Proposition ! A. 91 and Proposition lA.12) J-/S2 is a saturated fusion system 
on 5/52- If 52 < Q < 5 and p £ Autjr/s 2 (Q/52) is a p'-automorphism, then there 
exist p G Aut_7r((5) lifting p and, raising p to an appropriate p-th power, we may 
suppose that p is also a p'-automorphism. Note that, in particular, p belongs to T\. 
Now p induces p'-automorphisms on Q / (Q fl 5i) and on (Q n 5i)/5a. The induced 
p'-automorphism of Q/ (Q fl 5i) = QS\/S\ belongs to J- /Si by Theorem I A. 101 and 
so is the identity map because T / Si is the trivial fusion system on S/ Si. Similarly, 
the induced p'- automorphism of (Q H 5i)/52 is the identity map. Hence p itself is 
the identity map by |121 5.3.2], implying the claim in step one. □ 

This proposition implies that the hyperfocal subsystem of any p-power index 
subsystem of T is equal to the hyperfocal subsystem of JF . 

Corollary A. 14. Let T be a saturated fusion system on a finite p-group 5. If 
Ojr(S) <T<S and Tt is the unique saturated p-power index fusion subsystem of 
T onT, thenO P jr T {T) = P jr{S). 

Proof. As OP(T) C F T C T we have that O p Qp (-F) (0?r(S)) < C^ r (T) < 0^(5). 
Proposition ! A. 13l tells us that the first and the last term in the inequality are equal 
and the corollary follows. □ 
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